Abstract-We prove the duality of solutions for the problem of determining the boundary conditions on two opposite sides of a rectangular plate from the frequency spectrum of its bending vibrations. A method for determining the boundary conditions on two opposite sides of a rectangular plate from nine natural frequencies is obtained. The results of numerical experiments justifying the theoretical conclusions of the paper are presented. Rectangular plates are widely used in various technical fields. They serve as printed circuit boards and header plates, bridging plates, aircraft and ship skin, and parts of various mechanical structures [1] [2] [3] [4] . If the plate fixing cannot be inspected visually, then one can use the natural bending vibration frequencies to find faults in the plate fixing. For circular and annular plates, methods for testing the plate fixing were found in [5] [6] [7] , where it was shown that the type of fixing of a circular or annular plate can be determined uniquely from the natural bending vibration frequencies. The following question arises: Is it possible to determine the type of fixing of a rectangular plate on two opposite sides of the plate from the natural bending vibration frequencies if the other two sides are simply supported? Since the opposite sides of the plate are equivalent to each other, a plate with "rigid restraint-free edge" fixing will sound exactly the same as a plate with "free edge-rigid restraint" fixing. Hence we cannot say that the type of fixing of a rectangular plate on two opposite sides can be uniquely determined from its natural bending vibration frequencies. But it turns out that we can speak of duality in the solution of this problem. Here we observe an analogy with the problem of determining the rigidity coefficients of springs for elastic fixing of a string [8] : the rigidity coefficients of the springs are determined by the natural frequencies uniquely up to permutations of the springs.
DIRECT PROBLEM
The problem of identifying the boundary conditions can be categorized as an inverse spectral problem (an inverse eigenvalue problem) [9] . Prior to stating the inverse spectral problem, we recall how to state the direct problem. If the thickness h of a homogeneous plate is constant (the cylindrical rigidity D is constant), then the equation of free vibrations of the rectangular plate has the form (e.g., see [1] or [4] and the boundary conditions
2)
3)
.
The boundary conditions (1.2), (1.3) are used to determine the arbitrary constants occurring in the general solution Φ m (x 1 ) = C 1m cos γ 1m x 1 + C 2m sin γ 1m x 1 + C 3m cosh γ 2m x 1 + C 4m sinh γ 2m x 1 ,
Let Φ ml (x 1 ) (l = 1, 2, 3, 4) be the following linearly independent solutions of Eq. (1.1):
To find the constants C 1 , C 2 , C 3 , and C 4 , we use the boundary conditions U i (Φ m ) = 0 (i = 1, 2, 3, 4). The frequency equation is obtained from the existence condition for a nonzero solution for C i . There exists a nonzero solution for C i if and only if the following determinant is zero [4, p. 204] :
(1.4) .
For brevity, we denote the second-order minors of the matrices A and B by A ij and B ij :
In [4] , different cases of fixing for a side of a rectangular plate are given. Here we list these cases for x 1 = 0. We also give the corresponding versions of the matrix A: We note that in all nine cases four entries of the matrix are zero, and hence the matrix A can be written as
In a similar way, the matrix B can be written as
The inverse problem of determining the fixing for two opposite sides of a rectangular plate is the problem of correct recognition of one of the 81 combinations of boundary conditions and, in the case of elastic fixing, of finding the corresponding coefficient c 1 or c 2 .
We note that here one cannot speak of the unique reconstruction of all coefficients a ij and b ij ; for example, the boundary conditions Φ m (0) = 0, Φ m (0) = 0 and 5Φ m (0) = 0, 6Φ m (0) = 0 are equivalent, while their respective coefficients a ij are distinct.
Therefore, the aim of the present paper is not to recognize all coefficients a ij and b ij exactly. The goal is to find the boundary conditions, which is equivalent to finding the linear spans a 1 , a 2 and b 1 , b 2 of the vectors
In terms of problem ( 
Along with this problem, one can also consider a special case of it, namely, the incomplete problem of determining the boundary conditions only on one of the opposite sides when the fixing on the other side is known.
DUALITY THEOREM FOR THE SOLUTION OF THE INVERSE PROBLEM
In what follows, we need new notation to simplify the computations. Let C be the following 4 × 8 matrix formed by zero matrices 0 and the matrices A and B:
The entries of C are denoted by c ij , and the minors of C are denoted by
The boundary conditions (1.2)-(1.3) in the new notation can be rewritten as
In the new notation, the inverse problem is stated as follows: the coefficients c ij of problem (1.1), (3.1) are unknown; the rank of the matrix C formed by these coefficients is equal to 4; the minors A 14 , A 23 , B 14 , B 23 of the matrices A and B forming the matrix C are zero; and the eigenvalues ω mk of problem (1.1), (3.1) are known. It is required to reconstruct the linear span c 1 , c 2 , c 3 , c 4 of the vectors
Let us show the duality of the solution of this inverse problem. Along with the forms (3.1), consider the linear homogeneous forms
We denote the matrix formed by the coefficientsc ij byC, its minors byM k 1 k 2 k 3 k 4 , and the corresponding second-order minors byÃ
We also consider the following vectors: 
Proof. Note that the determinant (1.4) can be represented as
where
We use the Binet-Cauchy formula [10, p. 39 ] to obtain
where f mk 1 k 2 k 3 k 4 are the fourth-order minors of the matrix
we apply the Laplace theorem to calculate the determinants and then, taking into account the relation Δ m (ω mk ) = 0, obtain
It follows from the properties of the general theory for linear differential operators that for a given m the function Δ m (ω m ) is an entire function of order 1 2 (see [11] ). This implies that the characteristic determinants Δ m (ω m ) andΔ m (ω m ) of problems (1.1), (3.1) and (1.1), (3.2) satisfy the relation
where k is a negative integer and K is a nonzero constant. It follows from (3.3) and (3.4) that
Substituting the corresponding sixteen functions
into the last identity, we obtain
One can readily show that the relations 
and f 3478 (ω m ) form a linearly independent system of functions. 1) Hence the following relations hold:
(3.14) Then the proof splits into the following five cases: We divide the first, second, third, and fourth rows of the matrix C by a 11 , a 22 , b 12 , and b 22 , respectively, and the first, second, third, and fourth rows of the matrixC byã 11 ,ã 22 ,b 12 , andb 22 .
After these transformations, the matrices C andC become It follows from this representation for the matrices C andC and relation (3.6) that K = 1. Relations (3.7)-(3.10) imply that a 3 b 3 =ã 3b3 and b 3 − a 3 =b 3 −ã 3 , and hence, by the Vi`ete theorem, we obtain the following alternative: either
In a similar way, it follows from (3.7) and (3.10) that a 4 =ã 4 , b 4 =b 4 or a 4 = −b 4 , and b 4 = −ã 4 . Thus, we have the following four versions: , the problem of determining the boundary plate fixing conditions from the natural frequencies has a multiple solution (only one version of the boundary conditions). This is possible, for example, in the case of "rigid restraint-rigid restraint" fixing.
METHOD FOR DETERMINING THE BOUNDARY CONDITIONS
Suppose that {ω mk } are nine known natural bending vibration frequencies of a rectangular plate such that the simple support is realized on two opposite sides. Then, according to (3.3), the frequencies {ω mk } satisfy the equation
where f mk 1 k 2 k 3 k 4 are the fourth-order minors of the matrix D m and M k 1 k 2 k 3 k 4 are the fourth-order minors of the matrix C.
Substituting the values ω mk into (4.1), we obtain the system of nine linear algebraic equations for ten unknowns x 1 , x 2 , . . . , x 10 :
2) [12] .
Thus, we have the following theorem. 
Then the problem of determining the boundary conditions (1.2), (1.3) using these nine natural frequencies has a dual solution.
Theorem 2 is stronger than Theorem 1, because Theorem 2 uses only nine natural frequencies to determine the boundary conditions, while Theorem 1 uses all natural frequencies. But the scope of Theorem 1 is wider, because the rank of the system is not always equal to 9. In what follows, we present Example 3 in which Theorem 2 cannot be used (the rank of the corresponding matrix is equal to 8), while Theorem 1 allows one to find the solution.
In several cases, a decrease in the number of unknown parameters can affect the number of natural frequencies needed (because several minors prove to be known). For example, this occurs when the fixing is unknown only on one of the plate sides. In this case, to determine the boundary conditions (or two unknown parameters), it suffices to know three natural frequencies.
EXAMPLES
1. Suppose that a = b = 1, ν = 1, 2, 3, . . . , 9) are equal to We use the Maple software to obtain the relation rank f 1k 1 k 2 k 3 k 4 (ω 1k ) 10×9 = 9, and the solution of the system has the form x 1 = −2162.6652C, x 2 = 415.55479C, x 3 = 13640.21C,
Since C is an arbitrary constant and x 4 is significantly larger than the other x i (by a factor of 10 9 ), we can, with a sufficiently high degree of accuracy, assume that x 4 = 1 and the other x i are zero. This implies Thus, in complete agreement with the duality theorem, we obtain two solutions (rigid restraint-free edge and free edge-rigid restraint). Note that the obtained fixing conditions were identified correctly. The 1, 2, 3 , . . . , 9) were chosen so that they coincide (up to fifteen significant digits) with the natural frequencies corresponding to the rigid restraint-rigid restraint fixing. We use the Maple software to obtain the relation rank f 1k 1 k 2 k 3 k 4 (ω 1k ) 10×9 = 9, and the solution of the system has the form x 1 = −18.0000003986897C, x 2 = 32.0000003872623C, x 3 = 10.00005C, x 4 = −13.9999C,
Suppose that
0000003C, x 6 = 6.0000000021091C,
Since x .
This implies that either a 1 = 1, a 2 = 2,
Thus, in complete agreement with the duality theorem, we obtain two solutions. They correspond to the elastic fixing on opposite sides. One of the solutions means that one of the plate sides is fixed by an elastic beam with relative flexural rigidity 1 and relative torsional rigidity 2, while that opposite side is fixed by a beam with relative flexural rigidity 3 and relative torsional rigidity 4. The second solution corresponds to fixing with interchanged beams. We note that obtained fixing conditions were identified correctly. The values of λ k = (ρhω 2 1k /D) , 2, 3 , . . . , 9) were chosen so that they coincide (up to fifteen significant digits) with the natural frequencies corresponding to this elastic fixing. , 2, 3 , . . . , 9). One can readily show that rank f 1k 1 k 2 k 3 k 4 (ω 1k ) 10×9 = 9. We solve system (4.1) of nine equations for ten unknowns using the Maple computer algebra sotware and obtain
where C 1 and C 2 are some constants. Thus only C 1 or C 2 can be nonzero constants. Moreover, these constants cannot be zero simultaneously. If they were simultaneously zero, this would contradict the condition rank C = 4. Thus, C 1 = 0 or C 2 = 0. Now we can find the desired matrices C corresponding to these cases. We also show that M 2486 = C 2 = 0 in this case. This case corresponds to the simple support of the plate on both opposite sides that cannot be inspected visually.
(2). Now let M 2468 = C 2 = 0. Without loss of generality, we assume that C 2 = 1. Then the matrix C has the form Simultaneously, we have obtained M 1356 = C 1 = 0 in this case. This case corresponds to sliding restraint of the plate on both opposite sides that cannot be inspected visually.
Thus, the desired boundary conditions correspond to the following two cases: (1) simple supportsimple support; (2) sliding restraint-sliding restraint.
The "simple support-simple support" and "sliding restraint-sliding restraint" cases are associated with the same set of natural frequencies, i.e., of roots ω of the equation sin γ 1m sinh γ 2m = 0.
Therefore, if any nine natural frequencies are known, then it is impossible to determine which of these cases is realized. Theorem 2 cannot be used here, but Theorem 1 can. If all natural frequencies with multiplicities taken into account are known, then we can exclude one of these two cases. The point is that in the case of the "simple support-simple support" fixing the root p = (ρhω 2 10 /D) 1 2 = π 2 of the equation Δ 1 (ω 10 ) = 0 is of multiplicity 3, and in the case of the "sliding restraint-sliding restraint" fixing this root is simple.
